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Infinite-dimensional conformal symmetry in two dimensions leads to integrability of 2d conformal
field theories by giving rise to an infinite tower of local conserved qKdV charges in involution. We
discuss how presence of conserved charges constraints equilibration in 2d CFTs. We propose that in
the thermodynamic limit large central charge 2d CFTs satisfy generalized eigenstate thermalization,
with the values of qKdV charges forming a complete set of thermodynamically relevant quantities,
which unambiguously determine expectation values of all local observables from the vacuum family.
Equivalence of ensembles further provides that local properties of an eigenstate can be described
by the Generalized Gibbs Ensemble that only includes qKdV charges. In the case of a general
initial state, upon equilibration, emerging Generalized Gibbs Ensemble will necessary include neg-
ative chemical potentials and holographically will be described by a quasi-classical black hole with
quantum soft hair.
The topic of thermalization, and more generally, equili-
bration of isolated many-body quantum systems has been
an active area of research during the past decade. In case
of non-integrable systems, i.e. those without an extensive
number of local conserved quantities, emergence of the
thermal equilibrium has been traced to eigenstate ther-
malization hypothesis (ETH) which postulates thermal
properties of individual energy eigenstates [1–3]. In the
simplest form it requires the expectation value of some
appropriate (often taken to be local) observable O in a
many-body eigenstate |Ei〉 to be a smooth function of
energy,
〈Ei|O|Ei〉 = fO(Ei). (1)
Qualitatively, eq.(1) postulates that energy is the only
thermodynamically relevant quantity, which completely
specifies local properties of an eigenstate. The condi-
tion (1) may apply to all or most eigenstates, in which
case it is referred as strong or weak ETH. The eigenstate
thermalization ensures equivalence between the expecta-
tion value in the eigen-ensemble, fO(Ei), and thermal
expectation value of O in the Gibbs ensemble, fO(Ei) =
Tr(e−βHO)/Z, where the effective temperature β is fixed
through the energy balance relation, Ei = Tr(e
−βHO)/Z
[4].
When the system is integrable, with an extensive num-
ber of conserved charges Qi, ETH does not apply. Ac-
cordingly emerging equilibrium can be different from the
Gibbs state. In this case the equilibrium can be described
by the Generalized Gibbs Ensemble (GGE), a generaliza-
tion of grand canonical ensemble that includes an infinite
tower of conserved charges [5]. Validity of the GGE has
been related to the generalized eigenstate thermalization
[6–8], which generalizes (1) to include an infinite number
of conserved quantities,
〈Ei|O|Ei〉 = fO(Qk(Ei)). (2)
Here |Ei〉 is a mutual eigenstate of the Hamiltonian and
charges Qk, Qk(Ei) are the eigenvalues of Qk associated
with |Ei〉, and function fO is assumed to be a smooth
function of all of its arguments. Similarly to (1), at the
qualitative level, (2) postulates that charges Qk form
a complete set of thermodynamically relevant quanti-
ties which fully specify local properties of an eigenstate.
Provided (2) applies to most states, it ensures equiva-
lence between the generalized microcanonical ensemble
and GGE, establishing validity for the latter to describe
emerging equilibrium e.g. following a quantum quench
[6].
In this Letter we discuss thermalization of two-
dimensional conformal field theories (CFTs), a rich topic
with multiple connections ranging from the cold atom ex-
periments [9] to physics of quantum gravity [10]. It has
been shown that following a quantum quench 2d confor-
mal theories equilibrate and reach a steady state, which
in many cases can be described in terms of the Gibbs
ensemble [11, 12]. At the same time emergence of ther-
mal equilibrium is not universal. Conformal symmetry
in two dimensions gives rise to an infinite tower of local
mutually commuting conserved qKdV charges Q2k−1, the
CFT Hamiltonian for the left-movers being Q1 ≡ H, a
part of the integrable structure of the 2d CFTs [13–15].
The question we are concerned with is how presence of
these charges affects equilibration. By analogy with the
integrable lattice models it is natural to expect that lo-
cally equilibrium states can be described in terms of the
GGE, which includes all local qKdV charges. Indeed,
emergence of exactly such qKdV GGE was analytically
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2shown for a special family of so-called Cardy-Calabrese
initial states [16].
In the context of integrable systems the question which
quantities should be included in the GGE is far from
being trivial. Early studies in the context of XXZ and
Lieb-Liniger models have shown that a full set of ex-
tensive local charges does not specify local properties of
eigenstates, signaling failure of generalized ETH [17, 18].
These works raised an important question of the validity
of the GGE to describe an emerging equilibrium following
a quantum quench [19–21]. A resolution comes from the
fact that besides local conserved quantities these models
give rise to quasi-local conserved charges [22]. Taking
them into account restores validity of the GGE [23]. Fol-
lowing studies in the context of integrable field theoretic
models, both free and interacting ones, have decisively
established that adding quasi-local charges is necessary
to accurately describe the after-quench equilibrium state
[24–28]. These findings raise an important question em-
phasized in [16] if the set of local qKdV charges is gener-
ally sufficient to describe equilibrium in large c 2d CFTs,
or it should be extended by non-local or perhaps some
new local charges [29]. In this Letter we answer this
question by showing that at large c, 2d CFTs satisfy
generalized eigenstate thermalization (2) with the local
qKdV charges forming a complete set and ambiguously
specifying local properties of the eigenstates.
Two-dimensional conformal field theories admit a split
into non-interacting sectors of left and right movers. For
simplicity we only discuss one sector explicitly, while all
results automatically extend to the full theory. We con-
sider 2d CFT on a circle of the circumference ` in a mu-
tual eigenstate of all charges Q2k−1,
|E〉 = |{mi},∆〉, E = Q1 = (∆ +
∑
mi)/`, (3)
labeled by the primary state ∆ and the set of integers
{mi} [30]. The set {mi} is convenient to parametrize
using free boson representation where an integer nk for
k = 1, 2, . . . specifies the number of times integer k
appears in the set {mi}. In the thermodynamic limit
` → ∞ “energy” Q1 and all other qKdV charges are as-
sumed to scale with the system size to yield finite charge
densities q2r−1 = Q2r−1/`. In terms of ∆, nk this implies
scaling
∆ ∼ `2,
∑
k
nk k
2r−1 ∼ `2r. (4)
In what follows we restrict the discussion to the
eigenstates (3) with the density charges q2r−1 =
〈E|Q2r−1|E〉/` which additionally satisfy
q2r−1
qr1
= 1 +O(1/c). (5)
Here and below the CFT central charge c is assumed
to be large. Holographically, this regime corresponds to
a quasi-classical black hole in AdS3, where one in the
RHS of (5) corresponds to classical gravity, while O(1/c)
term is due to quantum corrections [30–33]. In terms of
∆, nk an exponential majority of states in the generalized
microcanonical ensemble specified by q2k−1 subject to (5)
will satisfy ∑
k nk k
2r−1
∆r
= O(1/cr). (6)
In fact (6) may apply to all states in the generalized
microcanonical ensemble (5), yielding strong version of
the generalized ETH in 2d CFTs. To verify that one
would need to know full spectrum of qKdV charges, going
beyond currently known leading 1/c expansion.
In the regime of quasi-classical gravity (6), c 1, ex-
pectation values of qKdV charges can be calculated ex-
plicitly [34],
`q1 = ∆ +
∑
k
nkk, (7)
`q3 = ∆
2 +
∑
k
nk
(
6∆k +
c k3
6
)
+O(c0), (8)
. . .
`q2r−1 = ∆r +
∑
k
nk p2r−1(c,∆, k) +O(cr−2), (9)
where p2r−1(c,∆, k) are some known polynomials of de-
gree 2r − 1 which include only odd powers of k.
Because of translational invariance the expectation
value of a full derivative O = ∂O′ in energy eigenstate
will vanish. Hence it suffices to consider expectation
values 〈E|O|E〉 only when O is a quasi-primary oper-
ator. Below we consider the case when O belongs to
the vacuum family, i.e. it is a Virasoro descendant of
the identity. To streamline the notations we introduce
〈O〉 ≡ 〈E|O|E〉. It is convenient to parametrize O by its
dimension (level). At the levels 2 and 4 there are unique
quasi-primaries in the vacuum family,
O2 = T, O4 = T 2 − 3
10
∂2T. (10)
Thus expectation values of O2,4 are identically equal to
charge densities q1, q3 [35]. At the level 6 there are two
quasi-primaries (we always choose quasi-primaries in the
basis which diagonalizes Zamolodchikov metric)
O(1)6 = T 3 −
9
10
(T∂2T ) +
4
35
∂4T +
93
70c+ 29
O(2)6 , (11)
O(2)6 = (∂T∂T )−
4
5
(T∂2T ) +
23
210
∂4T. (12)
The expectation value of the combination O(1)6 + 59 c12O(2)6
is identically equal to q5. Similarly to (7-9), at leading
order the expectation value of O(2)6 has the form of a
polynomial in ∆ and odd powers of k,
〈O(2)6 〉 =
9
5
∑
k
nk
( c
6
k5 + 4∆k3
)
+O(c0). (13)
3It is possible to use (7-9) to express any term of the form∑
k nk k
2r−1 via q2j−1, j ≤ r, but a priori the result
would also depend on ∆. Thus, at leading order in 1/c,
expectation values of O(i)6 are some functions of ∆ and
q2r−1. Remarkably, because of the non-trivial cancella-
tions the final result is ∆-independent, and can be ex-
pressed solely in terms of q2r−1. To simplify the answer
we introduce dimensionless ratio q2k−1 = q2k−1/qk1 such
that δq2k−1 ≡ q2k−1 − 1 is of order 1/c. Then O(i)6 mea-
sured in units of energy density q1 is given by
q−31 〈O(1)6 〉 = 1 + 3 δq3 +O(1/c2), (14)
q−31 〈O(2)6 〉 =
9
5
12
c
(δq5 − 3 δq3) +O(1/c3). (15)
As we see different quasi-primaries have different scaling
with c. Our calculation applies to leading 1/c behavior
of each quasi-primary, except for a special one, which
includes maximal power of T without derivatives. The
expectation value of that quasi-primary starts with O(c0)
and our result applies to the first two terms in 1/c ex-
pansion.
The possibility to express eigenstate expectation value
〈O〉 as a polynomial in q2j−1 extends to all higher levels.
For an operator of dimension 2r the answer only depends
on q2j−1 for j ≤ r. We write down explicit expressions
for all operators up to level 10 in terms of q2j−1 in Sup-
plemental Materials. Our results establish generalized
eigenstate thermalization for vacuum block observables
in large c CFTs.
That expectation value 〈O〉 of an operator of dimen-
sion 2r only includes qKdV charges q2j−1 up to the same
dimension j ≤ r can be interpreted as a manifestation
of locality. It is analogous to the observation in the con-
text of integrable lattice models that to describe equi-
librium state locally, at the length scales not exceeding
some distance a, it is only necessary to include local and
quasi-local charges in the GGE with the support within
a [36, 37].
Generalized eigenstate thermalization implies validity
of the qKdV Generalized Gibbs Ensemble
ρ = exp
{
−
∑
k
µ2k−1Q2k−1
}
/Z, µ1 ≡ β, (16)
to describe local properties of individual energy eigen-
states, provided chemical potentials µ2k−1 are tuned to
match values of the eigenstate charges
` q2k−1 = 〈Ei|Q2k−1|Ei〉 = Tr(ρQ2k−1). (17)
Provided q2k−1 a chosen to represent charge densities of
some non-equilibrium initial state |Ψ〉, a standard argu-
ment would consequently equate the GGE expectation
values of local operators with those in the diagonal en-
semble of |Ψ〉, written in the eigenbasis (3). In most
cases the latter would be equal to the expectation val-
ues in state |Ψ〉 upon equilibration. It should be noted
though that left and right HamiltoniansQ1, Q¯1 are highly
degenerate, and therefore validity of the diagonal ensem-
ble to describe local physics upon equilibration may be
violated.
It remains an open question to establish existence of
µ2k−1 which would solve (17) for any given set of q2k−1.
Using explicit form of the generalized partition function
in the large c limit [34] we can find, up to O(1/c2) cor-
rections,
δq2k−1 =
q2k−1
qk1
− 1 = (18)
24k
c
∫ ∞
0
dκκ
[
(2k − 1)2F1(1, 1− k, 3/2,−κ2)− 1
]
e2piκγ − 1 ,
γ =
∞∑
j=1
µ˜2j−1j(2j − 1)σj−1/22F1(1, 1− j, 3/2,−κ2),
where µ˜2k−1 =
√
6
pi c
k−1µ2k−1 and σ(µ˜2k−1) is positive
and satisfies ∑
k=1
k µ˜2k−1 σ˜k−1/2 = 1. (19)
From here it follows that when all chemical potentials are
positive q2k−1 satisfy an infinite series of inequalities (see
Supplemental Materials)
q3
q21
− 1 ≤ 22
5c
+O(1/c2),
q5
q31
− 1 ≤ 302
21c
+O(1/c2),
. . . (20)
Thus GGE emerging after equilibration of some general
initial state will have to include negative chemical poten-
tials, unless all inequalities (20) are satisfied.
To match GGE to a primary state all qKdV densities
should be related to each other via q2k−1 = qk1 [35]. This
is only possible if the integral in (18) vanishes, which
requires γ to be infinite. This is consistent with the ob-
servation of [30] that an ensemble with any finite number
of non-zero µ2k−1 can not describe primary states. This
is because in full generality q2k−1 ≥ qk1 and hence pri-
mary states are at the boundary of the phase space of
q2k−1’s. It is nevertheless possible to describe them in
the limit, via a GGE with at lest some coefficients ap-
proaching infinity. The simplest scenario is to consider
µ3 > 0 and arbitrary β ≡ µ1, while all other chem-
ical potentials are identically zero. Then in the limit
τ = β(6/pi2cµ3)
1/3 → −∞, for all k, q2k−1/qk1 − 1 will
vanishes as ∼ |τ |−3, as is shown for k = 2, 3 in Fig. 1.
With just two chemical potentials β, µ3 being non-zero
the values of q2k−1/qk1 − 1 is confined to be between zero
and their thermal (Gibbs ensemble) values. This con-
straint is removed already after turning on one more
additional chemical potential. For example by taking
β, µ5 > 0 and µ3 < 0 one can fine-tune function γ to be-
come arbitrarily small for some positive value of κ, lead-
ing to the divergence of the integral in (18) and violating
quasi-classical regime (5).
4FIG. 1. Plot of q2k−1/qk1 − 1 in the units of 1/c as a function
of τ = β(pi2/(6cµ3))
1/3 for k = 2, 3. It approaches zero as
|τ |−3 for all k when τ → −∞. The opposite limit τ → ∞
corresponds to the Gibbs ensemble, q1 ∼ β−1, µ3 → 0, and
c(q2k−1/qk1 − 1) for k = 2, 3 approach 22/5 and 302/21 corre-
spondingly.
From the holographic point of view equilibration in
field theory is associated with the formation of a black
hole in AdS3, a background dual to the GGE (16). Con-
served qKdV charges correspond to the black hole soft
hair, which are only visible at quantum level. At the
level of classical gravity c→∞ all qKdV charges are re-
lated, q2k−1 = qk1 . Accordingly there is a unique classical
BTZ black hole family of solutions parametrized by q1, q¯1
[31, 32]. It is an important question to understand the
regime q2k−1 6= qk1 holographically, by including quantum
gravity corrections into consideration. This, in particu-
lar, should provide holographic interpretation to negative
temperature and other chemical potentials, which will
necessarily appear starting from a general initial state.
In this Letter we have only considered local probes O
from the vacuum block. In case O is a non-trivial Vi-
rasoro primary, or its descendant, it will have zero ex-
pectation value in the GGE (16) for any values of µ2k−1.
This is because in the thermodynamic limit ` → ∞ ge-
ometry degenerates into a cylinder, which is conformally
flat. Thus, to satisfy any version of eigenstate thermal-
ization the eigenstate expectation value 〈E|O|E〉 must
simply vanish. In terms of the CFT data, this means
most or all heavy-heavy-light Operator Product Expan-
sion coefficients must approach zero when the dimension
of heavy operators grows to infinity. If that is the case,
generalized eigenstate thermalization will be trivially sat-
isfied. It remains an outstanding problem to establish if
large central charge chaotic CFT, in particular those with
gravity duals, exhibit this behavior.
Conclusions. In this Letter we have established that
large central charge 2d CFTs in the thermodynamic
limit satisfy generalized eigenstate thermalization with
the tower of local qKdV charges forming a complete set
of thermodynamically-relevant quantities. Our analysis
establishes universal validity of Generalized Gibbs En-
semble that includes all qKdV charges to describe in-
dividual energy eigenstates, and hence in most cases,
asymptotic equilibrium states in such theories. It would
be important to extend the analysis to next order in 1/c,
which will likely reveal if the eigenstate thermalization is
strong i.e. applies to all finite energy density eigenstates,
or weak, i.e. applies to most states.
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6SUPPLEMENTAL MATERIALS
Expectation value of quasi-primaries in eigenstates
In this section we list the explicit expressions for the
eigenstate expectation values of all quasi-primaries up to
level ten in terms of qKdV charges.
Level 6
There is are two quasi-primaries
O(1)6 = T 3 −
9
10
(T∂2T ) +
4
35
∂4T +
93
70c+ 29
O(2)6 , (21)
O(2)6 = (∂T∂T )−
4
5
(T∂2T ) +
23
210
∂4T. (22)
In the limit (6) they can be simplified to
O(1)6 = T 3 +O(1/c), (23)
O(2)6 =
9
5
(∂T∂T ) +O(1/c). (24)
In units of the energy density their expectation values
are
q−31 〈O(1)6 〉 = 1 + 3 δq3 +O(1/c2), (25)
q−31 〈O(2)6 〉 =
9
5
12
c
(δq5 − 3 δq3) +O(1/c3). (26)
Level 8
There are three quasi-primaries at level 8,
O(1)8 = T 4 +O(1/c), (27)
O(2)8 =
9
5
(T (∂T∂T )) +O(1/c), (28)
O(3)8 =
143
63
(∂2T∂2T ) +O(1/c). (29)
In the units of energy density at leading order they are
q−41 〈O(1)8 〉 = 1 + 6 δq3 +O(1/c2), (30)
q−41 〈O(2)8 〉 =
9
5
12
c
(δq5 − 3 δq3) +O(1/c3), (31)
q−41 〈O(3)8 〉 =
143
63
180
c2
(δq7 − 4 δq5 + 6 δq3) +O(1/c4).
Level 9
There are no quasi-primaries of odd dimension smaller
than nine. At level nine there is a unique quasi-primary
O9, which has zero expectation value, as well as all higher
odd-dimensional quasi-primaries, due to parity.
Level 10
There are four quasi-primaries at level 8. In the limit
(6) up to some additional factors they are
O(1)10 = T 5 +O(1/c), (32)
O(2)10 = (T (T (∂T∂T ))) +O(1/c), (33)
O(3)10 = (T (∂2T∂2T )) +O(1/c), (34)
O(4)10 = (∂3T∂3T ) +O(1/c). (35)
In terms of energy density their expectation values are
q−51 〈O(1)10 〉 = 1 + 10 δq3 +O(1/c2), (36)
q−51 〈O(2)10 〉 =
1
c
(δq5 − 3 δq3) +O(1/c3), (37)
q−51 〈O(3)10 〉 =
180
c2
(δq7 − 4 δq5 + 6 δq3) +O(1/c4), (38)
q−51 〈O(4)10 〉 =
3024
c3
(δq9 − 5 δq7 + 10 δq5 − 10 δq3) +O(1/c5).
GGE with positive chemical potentials
For any positive integer j hypergeometric function
2F1(1, 1 − j, 3/2,−κ2) is polynomial in κ2 with non-
negative coefficients which starts with one,
2F1(1, 1− j, 3/2,−κ2) = 1 + 2
3
(j − 1)κ2 + . . . (39)
Hence it is a monotonically increasing function of κ which
satisfies 2F1(1, 1− j, 3/2,−κ2) ≥ 1. From here it follows
that when all chemical potentials are non-negative, func-
tion γ defined in the equation (18) from the main text
satisfies
γ ≥
∞∑
j=1
µ˜2j−1j(2k − 1)σj−1/2 ≥
∞∑
j=1
µ˜2j−1jσj−1/2 = 1.
Thus at leading order in 1/c, q2k−1/qk1 − 1 is bounded
from above by its value in the Gibbs ensemble,
δq2k−1 ≤ (40)
24k
c
∫ ∞
0
dκκ
[
(2k − 1)2F1(1, 1− k, 3/2,−κ2)− 1
]
e2piκ − 1 =
k
c
(
k−1∑
p=0
6(2k − 1)Γ(k)Γ(1/2)
Γ(p+ 3/2)Γ(k − p) (−1)
p+1ζ(−1− 2p)− 1
)
.
This yields 22/5 for k = 2, 302/11 for k = 3, 2428/75
for k = 4, and so on.
GGE with two non-zero chemical potentials
To gain better intuition it is instructive to consider the
generalized ensemble which includes only two charges,
7the conventional Hamiltonian of CFT H ≡ Q1 and Q3,
ρ = exp (−βH − µ3Q3) /Z. (41)
To assure convergence we must require µ3 > 0 while β
can be arbitrary. It is convenient to parametrize β, µ3 in
terms of
τ = β
(
6
pi2cµ3
)1/3
, (42)
and energy density q1 = −`−1 ∂ lnZ∂β , such that
β = q
−1/2
1
(
cpi2
6
)1/2 τ ( 3√τ3 + 3 (√6τ3 + 81 + 9)− τ)
√
6 6
√
τ3 + 3
(√
6τ3 + 81 + 9
) ,
µ3 = q
−3/2
1
(
cpi2
6
)1/2 ( 3√τ3 + 3 (√6τ3 + 81 + 9)− τ)3
6
√
6
√
τ3 + 3
(√
6τ3 + 81 + 9
) .
Then δq2k−1 only depends on τ ,
γ = 1 +
21/2
(
κ2 + 1
)(
3
√
τ3 + 3
(√
6τ3 + 81 + 9
)− τ)3
33/2
√
τ3 + 3
(√
6τ3 + 81 + 9
) ,
δq2k−1 = (43)
24k
c
∫ ∞
0
dκκ
[
(2k − 1)2F1(1, 1− k, 3/2,−κ2)− 1
]
e2piκγ − 1 .
When τ approaches minus infinity while q1 is kept fixed,
β ∼ −q−1/21
(
cpi2
6
)1/2
|τ |3/22−1/2, (44)
µ3 ∼ q−3/21
(
cpi2
6
)1/2
|τ |3/22−3/2, (45)
and we find that cδq2k−1 approaches zero as 1/|τ |3. We
plot δq2k−1 ≡ q−k1 q2k−1− 1 in the units of 1/c as a func-
tion of τ for k = 2, 3 in Fig. 1 in the main text.
